Abstract. We study some important topological properties such as boundedness, compactness and essential norm of differences of weighted composition operators between Fock spaces.
Introduction
Composition operators and weighted composition operators have been extensively investigated on various Banach spaces of holomorphic functions in the unit disc or the unit ball during the past several decades (see [3, 11] and references therein for more information). Later, much progress was made in the study of such operators on Fock spaces of entire functions (see, for instance, [2, 8, 15] ). There is a great number of topics on such types of operators: boundedness and compactness, topological structure, dynamical and ergodic properties, etc. In recent years, the study of differences of (weighted) composition operators acting on various Banach spaces of holomorphic functions on the unit disk or the unit ball has been received more attention. In details, many related results have been obtained on Hardy spaces [12] , Bergman spaces [10] , Bloch spaces [4, 6] , spaces of bounded holomorphic fucntions H ∞ [5] , weighted Banach spaces with sup-norm [9] , and even from Bloch spaces to spaces H ∞ [7, 13] . Contrary to the context of the abovementioned spaces, the similar question on Fock spaces is quite different and has been studied only for composition operators (more precisely, for linear sums of two composition operators) on Hilbert Fock spaces [1] .
The aim of this paper is to extend this problem for weighted composition operators between different Fock spaces.
For a number p ∈ (0, ∞), the Fock space F p is defined as follows
where O(C) is the space of entire functions on C with the usual compact open topology and dA is the Lebesgue measure on C. Furthermore, the space F ∞ consists of all entire functions f ∈ O(C) for which
It is well known that F p with 1 ≤ p ≤ ∞ is a Banach space. When 0 < p < 1, F p is a complete metric space with the distance
For each w ∈ C, we define the functions
Then,
and k w p = 1 for all 0 < p ≤ ∞ and w ∈ C; and k w converges to 0 in the space O(C) as |w| → ∞.
We refer the reader to monograph [16] for more details about Fock spaces. The following two auxiliary results will be used in the sequel.
Note that the proofs of Lemmas 1. Let ψ, ϕ be entire functions on C. The weighted composition operator W ψ,ϕ is defined by W ψ,ϕ f = ψ(f •ϕ). When the function ψ is identically 1, the operator W ψ,ϕ reduces to the composition operator C ϕ . As in [8, 14] , the following quantities play an important role in the present paper:
, z ∈ C, and m(ψ, ϕ) := sup
We also put
The topological properties such as boundedness, compactness and essential norm for a single weighted composition operator W ψ,ϕ acting between different Fock spaces were systematically studied in [14, Section 3] . Hereby, for the reader's convenience we summarize the main results of this section which will be used in this paper. (i) For every p, q ∈ (0, ∞), if the operator W ψ,ϕ : F p → F q is bounded, then ψ ∈ F q and m(ψ, ϕ) < ∞. In this case, ϕ(z) = az + b with |a| ≤ 1. Moreover, if a = 0, i.e., ϕ(z) = b and ψ ∈ F q , then W ψ,ϕ : F p → F q is compact. (ii) Let ψ be a nonzero function in F q and ϕ(z) = az + b with 0 < |a| ≤ 1.
-In the case 0 < p ≤ q < ∞, the operator W ψ,ϕ : F p → F q is bounded (or compact) if and only if m(ψ, ϕ) < ∞ (or, respectively, lim |z|→∞ m z (ψ, ϕ) = 0).
-In the case 0 < q < p < ∞, the operator W ψ,ϕ :
In particular, the operator C ϕ : F p → F q is bounded (or, equivalently, compact) if and only if |a| < 1.
In the present paper we study some topological properties for differences of weighted composition operators. Our main results are stated in the following theorems. Theorem 1.4. Let 0 < p ≤ q < ∞ and ψ 1 , ψ 2 , ϕ 1 , ϕ 2 be entire functions with ψ 1 ≡ 0, ψ 2 ≡ 0 and ϕ 1 ≡ ϕ 2 . The following statements are true:
The case 0 < q < p < ∞ is more complicated and we get the result only for a linear combination
Theorem 1.5. Let 0 < q < p < ∞ and ϕ 1 , ϕ 2 be entire functions with ϕ 1 ≡ ϕ 2 and c 1 , c 2 nonzero constants. The following conditions are equivalent.
In what follows, for a bounded linear operator L from [14, Theorem 3.7] .
In this view, we only study the case when a 1 = 0 and a 2 = 0. Theorem 1.6. Let 1 < p ≤ q < ∞ and ψ 1 , ψ 2 , ϕ 1 , ϕ 2 be entire functions with ψ 1 ≡ 0, ψ 2 ≡ 0 and
where
Note that in the settings of Theorem 1.6, the part (b) of Theorem 1.4 is an immediate consequence of Theorem 1.6. Indeed, if
From this and Theorem 1.3, it follows that both W ψ 1 ,ϕ 1 and W ψ 2 ,ϕ 2 are compact.
Proofs of the main theorems
We start with the following lower estimate of the norm of linear sums of two functions K w 1 and K w 2 .
Lemma 2.1. For every α 1 , α 2 , w 1 , w 2 ∈ C, the following inequality holds
Proof. By the definition
In particular, with z = w 1 the last inequality gives
.
Similarly with z = w 2 we have
Combining these inequalities we get
From this and the fact that
for all x ≥ 0, the desired inequality follows.
Next we give a necessary condition for the boundedness of a difference W ψ 1 ,ϕ 1 − W ψ 2 ,ϕ 2 , which plays an essential role in this paper.
In this case, ϕ j (z) = a j z + b j with |a j | ≤ 1 and j = 1, 2.
Proof. By Lemma 1.1 and k w p = 1 for every w ∈ C, we see that for all w, z ∈ C,
Taking supremum over w ∈ C, we get
Applying Lemma 2.1 to
we have
This implies that, for all z ∈ C,
Taking logarithm both sides of this inequality, we get
Since log(2 + x) ≤
Thus, for all z ∈ C,
Using this and applying [8, Proposition 2.1] to entire functions
we can conclude that ϕ 1 (z) − ϕ 2 (z) = az + b for some a, b ∈ C. Then
We are now ready to prove Theorems 1.4 and 1.5.
Proof of Theorem 1.4. The sufficient part of statements (a) and (b) is obvious. Moreover, the necessary part of (b) is an immediate consequence of [14, Theorem 4.1] and (a). Then it is enough to prove the necessity of (a). Suppose that the difference L :
Then, by Proposition 2.2, m(ψ j , ϕ j ) < ∞ and ϕ j (z) = a j z + b j with |a j | ≤ 1 and j = 1, 2. We consider the following two cases.
Case 1. Either of a 1 or a 2 is nonzero. If say a 1 = 0 (it is similar for the case a 2 = 0), then ψ 1 ∈ F q . Indeed, for some C > 0 and α ∈ (0, |a 1 |),
, ∀z ∈ C.
It implies that ψ 1 ∈ F q . By Theorem 1.3, W ψ 1 ,ϕ 1 is bounded from F p into F q , and hence, so is W ψ 2 ,ϕ 2 . Case 2. Now suppose a 1 = a 2 = 0, i.e., ϕ 1 (z) ≡ b 1 and
where e 0 := z 0 and e 1 := z 1 . Thus,
It remains to use Theorem 1.3 to conclude that W ψ 1 ,ϕ 1 and W ψ 2 ,ϕ 2 are bounded from
Proof of Theorem 1.5. Obviously (iii) =⇒ (ii) =⇒ (i). We prove that (i) =⇒ (iii).
Suppose the linear combination L := c 1 C ϕ 1 + c 2 C ϕ 2 is bounded from F p into F q . By Proposition 2.2, m(c j , ϕ j ) < ∞ and, in this case, ϕ j (z) = a j z + b j with |a j | ≤ 1 and b j = 0 whenever |a j | = 1 with j = 1, 2.
We show by contradiction that |a 1 | < 1 and |a 2 | < 1, and then, by Theorem 1.3, both C ϕ 1 and C ϕ 2 : F p → F q are compact.
Indeed, assume that, for instance, |a 1 | = 1. Then, by Theorem 1.3,
q is unbounded, too. By Theorem 1.3 again, |a 2 | must be 1. Thus, in this case ϕ j (z) = a j z with |a j | = 1, j = 1, 2 and a 1 = a 2 .
Since L :
On the other hand,
and, similarly,
Therefore, c 1 a n 1 + c 2 a n 2 → 0 as n → ∞. We show that it is a contradiction. There are two cases.
Case 2. Suppose now |c 1 | = |c 2 | and put c j = re iω j and a j = e iθ j with ω j , θ j ∈ [0, 2π), j = 1, 2 and θ 1 = θ 2 .
Then |c 1 a n 1 + c 2 a
Consequently,
which is a contradiction.
Finally, we prove Theorem 1.6. Proof of Theorem 1.6. Obviously,
Then the upper estimate of L e directly follows from [14, Theorem 3.7] .
For the lower estimate, let T be a compact operator from F p into F q . By Lemma 1.1 and k w p = 1, for every w ∈ C, we see that for every z ∈ C,
In particular, with w = ϕ 1 (z) the last inequality gives
Similarly, with w = ϕ 2 (z) we get From this the lower estimate for L e follows.
Remark 2.3. The method in this paper works for differences (and hence for sums) of only two weighted composition operators on Fock spaces and it cannot apply to more than two such operators.
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